It is well known that various characteristics in risk and queuing process can be formulated as Markov Renewal function. We study the max-position of finitely many Markov Renewal Reward process with countable state space. We define Markov Renewal equation associated with max-posed process. The solutions of the Markov Renewal Reward equation are derived and the asymptotic behaviors of the equations are studied. Also we discuss the idea of delayed Markov renewal reward with state space.
Introduction
The problem of max-posing two or more stochastic processes has been dealt with in a number of ways in previous research. One of these was originated by Palm [17] in his work of telephone traffic. He conjectured that under appropriate conditions, the max-position of a large number of uniformly sparse processes can be approximated by a poisson process. Some authors also considered the problem of finding necessary and sufficient conditions such that the max-position of finitely many processes is a renewal process. The paper by Cinlar [7] is an excellent review of these areas. The papers by smith [13] , Khirsagar and Becker [15] , Lawarance [16] are devoted these tasks. Recently, Lam and Lehoczky [10] considered the problem of max-position of finitely many renewal processes and studied the asymptotic behavior of the max-posed process when the time t is F < for all 0 ( ), a u x x E ≤ < ∈ . Note that ( , , ) a x y t is the probability that knowing the current state is x and the age of the process of a, the next transition state is to state y and the remaining sojourn time in the current state is less than or equal to t. If a=0, a delayed Markov renewal reward process becomes a Markov renewal process. The Markov renewal reward process defined here is the same as the time homogeneous Markov renewal process is given in Cinlar [8, 9] .
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Markov Renewal Equation on partitioning
In this section, the definition of the Markov renewal equation for the maxposition of the Markov renewal processes is given. The Markov renewal equation is a generalization of the renewal equation is a generalization of the renewal equation for the max-position of renewal processes introduced in Lam and Lehoczky [10] to the max-position of Markov renewal process. It will be shown under some regularity conditions on the component Markov renewal processes, the solution of Markov renewal equation existed and is unique. Suppose that there are 2 p ≥
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Independent delayed Markov renewal processes in operations simultaneously
Let G be the class of function
is bounded for each t, and ( , ) ( , , ) a t g x a t a is Borel Measurable in 'a' and right continuous in t. Note that then, ( , , ) t g x a t a is bounded over bounded intervals. Define the convolution g G ∈ and Q, denoted
is a function such that 
With this ordering we partition the generator of the structure state space, the reward rate matrix and the completion time matrix as Q(t,w)= R(t,w)= f(t,w)=
Max-position Markov Renewal Reward theorem and applications
In this section, it will be shown that under some regularity conditions on f (x,a,t) , in the limit as t → ∞ , the limit of g (x,a,t) exists and is independent of both the initial ages and states of the individual delayed Markov renewal reward process. This result is a generalization of the key max-position renewal theorem in Lam and Lehoczky [10] and the Markov renewal reward theorem in Cinlar [8] [9] . Before the theorem is given, we need the following two definitions 
(Max-position Markov Renewal Reward theorem)
Let f G ∈ and let g be the solution of the Markov renewal equation (3.2) .
Suppose that sup ( , ) 
Note that in equation ( 
Markov Renewal Reward Models
Let the structure state process { ( ), 0} z t t ≥ be an inhomogeneous continuous time 
Conclusion
Cinlar investigated the idea of superposition of point processes and Markov Renewal theory on semi markov process in [5] , [7] . In this paper , we study the max-position of finitely many Markov Renewal Reward process with countable state space, Markov Renewal equation associated with max-posed process. Delayed Markov renewal reward with state space also investigated.
